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formal power series in 1T over a finite field Fq with q elements.  1996 Academic
Press, Inc.
1. INTRODUCTION
Let Fq be a finite field of characteristic p with q elements. Then we denote
by A=Fq[T ] the ring of polynomials in a variable T over Fq , K=Fq(T )
the quotient field of A, and K=Fq((1T )) the field of formal power series
in 1T over Fq . As in Sprindz uk [3], we have a non-archimedean absolute
value | } | on K . That is, for any element | # K of the form
|= :

&=l
a&T && (a& # Fq),
we define |||=q&l if al{0, |||=0 if |=0. We know that K is complete
and locally compact with respect to the metric defined by this absolute
value. Let + be the Haar measure on K normalized by
+(D)=1, where D=[| # K ; |||q&1].
For any nonzero polynomial P(x)=di=0 ai x
i # A[x], we define the
logarithmic height h(P) of P by
h(P)=logq max
0id
|ai | ,
where logq x means the logarithmic function with base q. Then our main
result is stated as follows.
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Theorem. Let = be an arbitrary positive number. Then, for almost all
| # K (w.r.t. +), we have
|P(|)|q&(3+=) dh min(1, ||~ |d)
for all nonzero polynomials P # A[x] with max(d, h)c(|, =), where
d=deg P, h=h(P), |~ =|&(the constant term of |), and c(|, =) is a
positive constant depending only on | and =.
Remark. By Hilfssatz 3 of Bundschuh [1], for any | # K and any
positive integers d, h, there exists a nonzero polynomial P # A[x] with
deg Pd, h(P)h satisfying
|P(|)|q&d(h&1)&1 max(1, |||d).
We see that our lower bound is close to this upper bound.
We prove our theorem in Sect. 3 after preparing certain lemmas in the
next section. In appendix 1 we also refine the above upper bound due to
Bundschuh.
2. PRELIMINARY LEMMAS
In the following we denote by K , K  an algebraic closure of K and that
of K , respectively. Assume that K /K  . We note that the absolute value
| } | has a unique extension to K  . To denote this extended absolute value,
we also use the symbol | } |. The first lemma is a well known result, which
easily follows from the ultrametric inequality for | } |.
Lemma 1. Let P # A[x] be a nonzero polynomial. Assume that P can be
factorized as
P(x)=a0 `
d
i=1
(x&:i) (a0 # A, :i # K ).
Then we have
qh(P)=|a0 | `
d
i=1
max(1, |:i | ).
In particular, for any nonzero polynomials P, Q # A[x], we have
qh(P } Q)=qh(P)qh(Q).
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Corollary. Let P # A[x] be a nonzero polynomial, and : # K be a non-
zero root of P with multiplicity s. Then we have
q&h(P)s|:|qh(P)s.
Proof. The right-hand side inequality is an immediate consequence of
the lemma. On the other hand, applying the lemma for the reciprocal of P,
we get |1:|qh(P)s. This implies the left-hand side inequality. Hence the
corollary is proved.
The next lemma, which follows from the corollary above, plays an
important role for the proof of our theorem.
Lemma 2. Let | # K . Let P # A[x] be a nonzero polynomial, and : # K
be a nonzero root of P with multiplicity s. Assume that
||&:|q&1, s>h(P).
Then we have |||=1.
Proof. Since s>h(P), by the corollary to Lemma 1, we have
q&1<|:|<q. Hence, under the assumption ||&:|q&1, we obtain
|||=|(|&:)+:|=|:|, and so q&1<|||<q. This gives |||=1 since the
absolute value of a nonzero element of K must be an integral power
of q. Thus the lemma is proved.
Lemma 3. Let | # K . Let P # A[x] be a nonzero polynomial with
deg P=d, h(P)=h, and : # K be a root of P nearest to |. Then we have
|P(|)||a| 1s ||&:| s q&(d&s) hs,
where a is the leading coefficient of P and s is the multiplicity of : in P.
Remark. In case s=1 and logq |a|=h, the assertion of this lemma is
contained in that of Lemma 6 in Sprindz uk [3], p. 117.
Proof. We can factorize P in K [x] as
P(x)=a `
m
i=1
(x&:i)si (:1=:, s1=s).
Put P(i)(x)=P(x)(x&:i)si for 1im. In case m=1, the assertion of
the lemma clearly holds. So we assume that m2. Then by assumption we
have
|:&:i |=|(|&:)&(|&:i)|||&:i |
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for all i2. Hence we have
|P(|)|||&:| s |P(1)(:)|.
To estimate |P(1)(:)| from below, we use the semidiscriminant
SD(P)=ad&2 `
m
i=1
P(i)(:i)si
of P. We owe the notion of semidiscriminant to Chudnovsky (cf. [2], p. 35
or p. 63). By using an argument similar to that used in [2], p. 35, we can
show that SD(P) is nonzero element of A (cf. Appendix 2). Hence we have
|SD(D)|1, from which we deduce that
|P(1)(:)| s|a| &(d&2) `
m
i=2
|P(i)(:i)|&si.
This implies that
|P(1)(:)| 2s
1
|4|
,
where
4=ad&s&2 `
m
i=2
(P(i)(:i)(:i&:)s)si.
We now estimate |4| from above. To this aim we note that 4 can be
expressed as a2(d&s&1) times a polynomial in the :i ’s over Fq . Let di be the
degree in :i of 4. Then we have d1=0 and
di=si (d&s&si)+si :
m
j=2
j{i
sj=2si (d&s&si)
for i2, so di2si(d&s) for all i. Hence, by Lemma 1, we get
|4||a|&2 { |a| `
m
i=1
max(1, |:i | si)=
2(d&s)
|a|&2 q2(d&s) h,
from which we deduce the desired assertion. This completes the proof of
the lemma.
In the following, for any d, h # R, we denote by P(d, h) the set of all non-
zero polynomials P # A[x] with deg Pd, h(P)h. Furthermore, for any
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positive integers d, h and s with sd, we denote by A(d, h; s) the set of all
: # K satisfying P(:)=0 for some P # P(d, h) with multiplicity s. Then we
have a counting lemma as follows.
Lemma 4. In the notation as above, we have
*A(d, h; s)\ log slog p+1+
d
s
q(h+1)((ds)+1).
Proof. Put s= pls$, where s$ is coprime to p. Since Gauss’s lemma on
primitive polynomials holds in A[x], for any : # A(d, h; s), there exists
P # P(d, h) of the form P(x)=Q(x p&)t R(x), where Q, R # A[x] with
Q(: p&)=0( p&t=s), R(:){0. This with Lemma 1 implies that A(d, h; s) is
contained in the set of all : # K satisfying Q(: p&)=0 with 0&l for some
Q # P(ds, h). Hence we have
*A(d, h; s)(l+1)
d
s
(*P(ds, h)),
from which we deduce the desired bound. Thus the lemma is proved.
Corollary. In the notation as above, assume further that sh. Then,
for any positive number $, we have
*A(d, h; s)q(2+$) dhs
whenever hc or dc with a positive constant c depending only on $.
Proof. From the lemma with the assumption sh we can easily deduce
the existence of a positive constant c1=c1($ ) such that the desired
inequality holds for any A(d, h; s) with hc1 . On the other hand, if h<c1 ,
then we have s<c1 by assumption. Hence in view of the lemma we can
take a positive constant c2=c2($) with c2>c1 such that the desired
inequality holds for any A(d, h; s) with h<c1 , dc2 . Therefore, by putting
c=c2 , the corollary is proved.
3. PROOF OF THE THEOREM
Let = be a positive number. Then we denote by E the set of all | # K"K
satisfying
|P(|)|<q&(3+=) dh min(1, ||~ |d) (1)
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for infinitely many P # A[x], where d=deg P, h=h(P). Our task is to
show that +(E)=0. To this aim we divide E into E1 and E2 , the sets of all
| # E with |||{1 and |||=1, respectively.
We first show that +(E1)=0. Note that, for any nonzero polynomialP # A[x]
with h(P)=0 and any nonzero element | # K with |||{1, we have |P(|)|
|||deg P. This implies that, for any | # E1 , (1) holds for infinitely many P # A[x]
with d=deg P1, h=h(P)1. It is easy to see that we can impose for P above
the additional condition P(0){0. Hence by Lemma 3, for any | # E1 ,
||&:|<q&(2+=) dhs (2)
holds for infinitely many pairs (P, :) # A[x]_K , where d=deg P1,
h=h(P)1, and : is a nonzero root of P with multiplicity s. Since |||{1,
by using Lemma 2 with (2), we have sh for the above h, s. Henceforth,
for any positive integers d, h, we denote by E(d, h) the set of all | # K
satisfying (2) for some : # A(d, h; s) with smin(d, h), where A(d, h; s) is
the set defined in the previous section. Then, in view of the above argu-
ment, each | # E1 belongs to infinitely many E(d, h)’s. Hence each | # E1
belongs to either infinitely many E(d, h)’s with unbounded h ’s or those with
bounded h ’s and unbounded d ’s. So if we put
X(c)= .

h=c
.

d=1
E(d, h), Y(c)= .
c&1
h=1
.

d=c
E(d, h)
for any positive integer c, then E1 is contained in the union of X(c) and
Y(c). This reduces our task to show that both +(X(c)) and +(Y(c)) tend
to 0 as c tends to infinity.
In the following estimation, we use the fact that +(U(:; r))qr, where
U(:; r)=[| # K ; ||&:|<r] (: # K , r>0).
By the corollary to Lemma 4, we can take c so that
*A(d, h; s)q(2+(=2)) dhs
holds for any A(d, h; s) with hc or dc. Then we have
+(X(c)) :

h=c
:

d=1
+(E(d, h))
 :

h=c
:

d=1
:
min(d, h)
s=1
*A(d, h; s) q1&(2+=) dhs
 :

h=c
:

d=1
:
min(d, h)
s=1
q1&=dh2s.
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By dividing the sum d=1 above into the sum 

j=0 
( j+1) h
d= jh+1 , we can
obtain
+(X(c)) :

h=c \ :
h
d=1
:
d
s=1
q1&=dh2s+ :

j=1
:
( j+1) h
d= jh+1
:
h
s=1
q1&=dh2s+
 :

h=c
h2 \q1&=h2+ :

j=1
q1&=( jh+1)2+
q&=c3
provided that c is sufficiently large. Hence +(H(c)) tends to 0 as c tends to
infinity. Similarly, we have
+(Y(c)) :
c&1
h=1
:

d=c
:
h
s=1
q1&=dh2s
 :
c&1
h=1
h :

d=c
q1&=d2,
which also tends to 0 as c tends to infinity. Consequently, we get +(E1)=0,
as desired.
We next show that +(E2)=0. Let | # E2 and P # A[x]. We can express
| as |=a+|~ , where a is the constant term of | and |~ is a nonzero ele-
ment of K with ||~ |<1. If we put Q(x)=P(x+a), then Q is in A[x] with
deg Q=deg P, h(Q)h(P), and Q(|~ )=P(|). This implies that |~ belongs
to E$1 , the set of all | # E1 with |||<1. Hence we have E2/a (a+E$1),
where a ranges over all nonzero elements of Fq . Since +(a+E$1)=+(E$1)=0,
we get +(E2)=0. This completes the proof of the theorem.
APPENDIX 1
In this appendix we show the following proposition which improves
Hilfssatz 3 of Bundschuh [1]. Our proof is similar to the alternative proof
of Lemma 2 in Sprindz uk [3], p. 83, which uses only Dirichlet’s pigeon-
hole principle.
Proposition. Let | # K . Then, for any positive integer d and any non-
negative integer h, there exists a nonzero polynomial P # A[x] with
deg Pd, h(P)h satisfying
|P(|)|q&d(h+1) max(1, |||d).
Remark. The above bound is best possible in the case where |||=q\1
and h=0.
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Proof. Let d, h be as above, and P be the set of all P # A[x] with
deg Pd, h(P)h. Then, for any P # P, we have |P(|)|qh+dm,
where m=max(0, logq ||| ). Since *P=q(d+1)(h+1)>qdh+d+h, by using
Dirichlet’s pigeon-hole principle, there exist two distinct polynomials
P1 , P2 # P such that P1(|) and P2(|), as Laurent series in 1T, have the
same coefficients up to the power dh+d&dm&1. Hence, by putting
P=P1&P2 , P has the desired property. Thus the proposition is proved.
APPENDIX 2
Let SD(P) be the semidiscriminant of a nonzero polynomial P # A[x],
which is defined as in the proof of Lemma 3. The purpose of this appendix
is to prove the fact that SD(P) is a nonzero element of A.
We first assume that P is irreducible. Let f be the inseparable degree
of P. Then we have
P(x)=Q(x f )=a[(x&:1) } } } (x&:m)] f,
where Q # A[x], a # A, and :i # K . In case m=1, we have SD(P)=a2( f &1),
which implies the assertion. So we assume that m2. Using the above
factorization for P, we can represent SD(P) as
SD(P)=a2mf &2 `
i{ j
(:i&:j) f
2
,
where the product ranges over all i, j with 1i, jm and i{ j. Since f is
a power of p, by putting ;i=: fi , we obtain
SD(P)=amf +2f &2 {am&2 `i{ j (;i&;j)=
f
,
which is amf +2f &2D(Q) f, where D(Q) is the discriminant of Q, Hence, by
noting D(Q) # A, the assertion holds.
We next consider general P. Let P(x)=>ni=1 Pi (x)
ei, where Pi ’s are
irreducible polynomials in A[x]. Then we can easily calculate that
SD(P)=c `
n
i=1
SD(Pi)ei
2
`
j{k
R(Pj , Pk)ej ek
with
c=a&2 `
n
i=1
adi ei
2+2ei
2
i ,
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where ai is the leading coefficient of Pi , di is the degree of Pi , and R(Pj , Pk)
is the resultant of Pj and Pk . Since a=>ni=1 a
ei
i , we have c # A. Hence, by
noting SD(Pi) # A and R(Pj , Pk) # A, the assertion holds. This completes
the proof.
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